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ARTICLE
Theory of Passive Permeability through Lipid Bilayers
John F. Nagle,1,3 John C. Mathai,2 Mark L. Zeidel,2 and Stephanie Tristram-Nagle1
1Biological Physics Group, Department of Physics, and 3Department of Biological Sciences, Carnegie Mellon University, 
Pittsburgh, PA 15213
2Department of Medicine, Beth Israel Deaconess Medical Center and Harvard Medical School, Cambridge, MA 02139
Recently measured water permeability through bilayers of different lipids is most strongly correlated with the area 
per lipid A rather than with other structural quantities such as the thickness. This paper presents a simple three-layer 
theory that incorporates the area dependence in a physically realistic way and also includes the thickness as a secondary 
modulating parameter. The theory also includes the well-known strong correlation of permeability upon the parti-
tion coeffi  cients of general solutes in hydrocarbon environments (Overton’s rule). Two mathematical treatments of 
the theory are given; one model uses discrete chemical kinetics and one model uses the Nernst-Planck continuum 
equation. The theory is fi  t to the recent experiments on water permeability in the accompanying paper.
INTRODUCTION
A highly favored theory of passive permeability through 
lipid bilayers and biomembranes uses the solubility-
diffusion (SD) model. This supposes that, for the purpose 
of understanding permeability P, the bilayer can be mod-
eled as a single layer of hydrocarbon of thickness dC. 
This leads directly to the well-known formula,
  = /, CC PK Dd  
(1)
where K is the partition coeffi  cient of the solute into 
the hydrocarbon core of the lipid bilayer and DC is the 
coeffi  cient of diffusion of the solute in the same envi-
ronment. For small solutes, DC is often (but not always, 
see Lieb and Stein, 1986) assumed to be weakly depen-
dent upon solute. The strong dependence of P, varying 
over nearly six orders of magnitude for different solutes 
for a given lipid bilayer (often egg lecithin), is inter-
preted as the dependence of K on the solute (Overton’s 
rule). This conclusion is reinforced by the fact that the 
measured partition coeffi  cients of solutes into bulk hy-
drocarbon correlate fairly well with permeabilities mea-
sured over the same six orders of magnitude (Walter 
and Gutknecht, 1986; Finkelstein, 1987). This is a major 
result that any theory must account for. Nevertheless, 
the fact that the single layer SD theory easily accom-
modates Overton’s rule does not prove that it is the 
correct model. One concern about the SD theory is 
that the value of dC obtained from calculating KDC/P 
exceeds 10 nm for egg lecithin bilayers (Finkelstein, 
1987), but the structural thickness of the hydrocarbon 
core for that lipid bilayer is only 2.7 nm (Nagle and 
Tristram-Nagle, 2000). The theory in this paper removes 
this discrepancy.
Another concern with the single layer SD theory re-
gards how to incorporate the dependence of P for a given 
solute with the area per lipid A for different bilayers. It 
may be noted fi  rst that correlation with A is different than 
correlation with inverse thickness 1/dC because, even 
though the product AdC = VC is the volume of the hydro-
carbon region, VC is considerably different for lipids with 
different numbers of carbons in the hydrocarbon chains. 
Indeed, there is no apparent experimental correlation of 
the water permeability with dC whereas there is a strong, 
though not perfect, correlation with A (Mathai et al., 
2007). The more relevant structural quantity for discuss-
ing the SD theory is the volume per methylene group 
VCH2 in the hydrocarbon core. The partition coeffi  cient K 
should increase monotonically with VCH2, as in the “free 
volume” theory, so VCH2 should be the fi  rst order struc-
tural quantity to correlate with K. If there were a strong 
correlation of VCH2 with A, then the A dependence of P 
could be easily understood as a K dependence within the 
single layer SD theory. Contrarily, all the lipid bilayers em-
ployed in the recent experimental study of water permea-
bility have essentially the same value of VCH2. It may be 
emphasized that the structural values of VCH2 were ob-
tained from straightforward measurements of the total 
lipid volume that are highly accurate (Nagle and Tristram-
Nagle, 2000; Koenig and Gawrisch, 2005; Greenwood 
et al., 2006; Heerklotz and Tsamaloukas, 2006). The larg-
est uncertainty was how much to subtract for the volume 
of the headgroup, but that number should be the same 
for all phosphatidylcholine lipids in their fully hydrated 
bilayers, so any discrepancy only changes VCH2 by essen-
tially the same amount for all bilayers. This volumetric 
result precludes a simple reconciliation of the single layer 
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SD theory with experiment, although a more complex 
reconciliation based on a lattice model has been proposed 
(DeYoung and Dill, 1990; Xiang and Anderson, 1995).
This paper therefore goes beyond the single layer SD 
theory and considers three layer theories such as have 
been considered by Zwolinski et al. (1949) and Diamond 
and Katz (1974). The main new idea is that the area de-
pendence is quite naturally included in the interfacial 
headgroup layers rather than in the fl  uid hydrocarbon 
core layer. This theory will be implemented with close 
comparison to recent water permeability measurements 
that were made on fi  ve pure lipid bilayers, all with the 
same phosphatidylcholine headgroup and all at the same 
temperature and all with structures recently determined 
by the same high resolution X-ray method for fully hy-
drated lipid bilayers.
THEORY AND RESULTS
I. Three Layer Theory
Before deriving detailed equations from mathematical 
models, let us develop the major ideas in a phenomeno-
logical and intuitive manner. The underlying theory as-
sumes three layers, an inner hydrocarbon core, as in the 
single layer SD theory, and two interfacial headgroup 
layers. Let us defi  ne the permeabilities through each 
part separately. Let PC be the permeability that would 
apply just within the hydrocarbon core and let PH be the 
permeability through the interfacial region and including, 
importantly, transfer into the hydrocarbon core. Then, as 
is well known (Zwolinski et al., 1949; Diamond and Katz, 
1974) and as will be shown in detail in the following two 
subsections, the permeability P of the three layer com-
posite model is given by
   =+ 1/ 2/ 1/ , HC PP P   
(2)
which is just the formula for addition of resistances in 
series where each of the three separate resistances is 
proportional to its inverse permeability. A recent exper-
imental study suggested that the headgroup regions and 
the hydrocarbon region each offer independent and 
additive resistance to permeation (Krylov et al., 2001).
The most important aspect of our model is the func-
tional form for PH. As suggested by Fig. 1, we suppose 
that the headgroups sterically block the entrance of water 
into the hydrocarbon region. We therefore propose a 
structural factor of (A − A0)/A in PH to account for the 
fraction of the total area A that is not blocked. The pa-
rameter A0 is the area at which the headgroups are 
packed so tightly that the permeability becomes negligible. 
Xiang and Anderson (1997) have measured the perme-
ability of acetic acid in the gel phase of DPPC to be 482 
times less than in the fl  uid phase, so a fi  rst approxima-
tion for A0 is the area of the gel phase. The theory will 
not attempt to account for gel phase permeability, which 
appears to be qualitatively different from fl  uid phase 
permeability (Xiang et al., 1998). For phosphatidylcho-
line lipids the gel phase area is  48 Å2 and the chains are 
tilted (Tristram-Nagle et al., 2002). As pointed out by 
McIntosh (1980), tilting shows that the phosphatidyl-
choline (PC) headgroups are tightly jammed together in 
the gel phase. Our permeability model essentially assumes 
that the headgroups comprise a partial barrier for entry 
of water into the hydrocarbon region, and the effect of 
this barrier is naturally proportional to the fractional 
“free” area (A − A0)/A. This is the single most important 
feature in our model that will account for the major area 
dependence found by Mathai et al. (2007).
The second part of our model assumes that the hydro-
carbon core, by itself, has a permeability PC =KDC/dC, 
given by the simple SD model for the hydrocarbon core. 
In this simplest model that we will fi  rst consider, the 
only parameter that will vary between different lipid bi-
layers is the structural parameter dC, the thickness of the 
hydrocarbon core. Of course, it might be considered that 
the effective hydrocarbon core thickness for permeabil-
ity could be smaller than dC due to tight packing of 
the fi  rst few methylene groups in the hydrocarbon chains 
(Subczynski et al., 1994; Xiang et al., 1998). One might 
also suppose that a larger fraction of “free volume,” 
(V − V0)/V, would increase the space available for water 
Figure 1.  Schematic drawing showing three lipids in the top 
monolayer of a bilayer. The horizontal yellow strips indicate the 
area A − A0 accessible for passage of solute through the interfa-
cial headgroup layer and into the hydrocarbon core. The shape 
of the heads provides a rough approximation to the distribution 
of water in the headgroup region obtained by simulations (Klauda 
et al., 2006). We note that our defi  nition of headgroup includes not 
only the phosphatidylcholines, but also the glycerol and carbonyls. 
As discussed in the text, the interfacial headgroup region might also 
include the ends of the hydrocarbon chains where chain packing 
is tightest and the hydrocarbon core would then be smaller than 
dC obtained from structural studies.  Nagle et al. 79
and thereby increase the partition coeffi  cient K. Larger 
fraction of free volume would also allow for more dy-
namical motion that would increase the intrinsic coeffi  -
cient of diffusion DC. However, the volume per methylene 
is nearly constant for all the fl  uid phase lipids studied, so 
such a factor would make no difference between the 
different lipids we studied.
Therefore, this theory quantitatively predicts that, for 
pure lipid bilayers, the dependence of P on structural 
parameters is given by
  =α − +γ 0 1/ /( ) . C PA A A d  (3)
At this point the linear factors α and γ are just fi  tting 
parameters that are assumed only to be independent of 
the structural quantities A, A0, and dC whose postulated 
dependencies are explicitly displayed in Eq. 3. Of course, 
α and γ must be affected by K and by the coeffi  cients of 
diffusion that may be different in different parts of the 
bilayer, as will be seen in the following two sections. In fi  rst 
approximation, α and γ will be assumed to be the same 
for all fully fl  uid phase lipid bilayers. Fitting these for-
mulae to permeability data for fi  ve lipid bilayers with 
different structural parameters therefore determines α 
and γ from which the individual permeabilities PH and 
PC are determined for each of the bilayers.
The fi  rst question to investigate is whether both terms 
on the right hand side of Eq. 3 are signifi  cant. It has al-
ready been shown (Mathai et al., 2007) that setting α = 0, 
which is just the single layer SD model, is not adequate 
because there is a poor correlation of P with 1/dC. The 
other extreme is to set γ = 0, which corresponds to the 
hydrocarbon core permeability PC being much greater 
than the interfacial permeability PH. The open squares 
in Fig. 2 show that this fi  rst term that involves the area A 
already gives fairly good theoretical values; this refl  ects 
the point made by Mathai et al. (2007) that the best cor-
relation of permeability is with A. However, when γ is set 
to 0, the predicted permeability for the thickest bilayer 
diC22:1 is too large and the predicted permeability for 
the thinnest bilayer DLPC is too small. This discrepancy 
can clearly be alleviated by inclusion of the second term. 
The red circles in Fig. 2 show the best fi  t of the theory us-
ing Eq. 3. Inclusion of the second term does indeed alle-
viate the aforementioned discrepancy. The legend to 
Fig. 2 also shows that the values of the parameter A0 that 
are given by the best fi  ts are consistent with negligible 
permeability of the gel phase which has an area 48 Å2 for 
PC bilayers. The somewhat larger values of A0 in the leg-
end in Fig. 2 can be justifi  ed as accounting for the steric 
area of a water molecule. Another way that A0 could be 
increased for water transport is that “ethanol may block 
water diffusion pathways by occupying points of water 
entry into bilayers at the interface” (Huster et al., 1997).
Motivated by simulations (Marrink and Berendsen, 
1994, 1996) and also by an electron spin resonance 
(ESR) result (Subczynski et al., 1994) that the hydropho-
bicity barrier is narrower than dC, we have also investigated 
a variation of Eq. 3 that models an effective hydrocar-
bon thickness for permeability by replacing the factor 
dC in the second term by a factor (dC − δ). The green 
triangles in Fig. 2 show that the fi  t is slightly improved 
when δ = 15 Å and the fi  t continues to improve as δ in-
creases to 76 Å. However, the physical absurdity of this 
last result, namely, that the effective hydrocarbon thick-
ness (dC − δ) becomes strongly negative, suggests that 
adding the fourth fi  tting parameter δ is not warranted 
by the data. Indeed, artifi  cially reducing P just for DOPC 
by 10%, which is close to estimated experimental uncer-
tainties, yields a value of δ close to zero.
Fig. 3 compares the partial permeabilities PH/2 (which 
includes both interfaces) and PC for the hydrocarbon 
core for the last two combinations of the parameters 
shown in Fig. 2. Of course, the ratio PC/PH varies with 
dif  ferent lipids due to their different structural properties. 
The ratio PC/PH also depends upon the choice of effec-
tive thickness dC − δ. For both values of δ shown in 
Fig. 3, PH/2 is smaller than PC, so passage through the 
headgroup regions is predicted to be the slower process. 
Nevertheless, 2PC/PH is less than 10 for the thinnest 
Figure 2.  The plot of theoretical versus experimental permeabil-
ity for different lipids should ideally fall on the diagonal magenta 
line. For the open squares, PC was assumed to be infi  nite. The red 
circles show the best fi  t to Eq. 3 and the green triangles show the 
best fi  t when the hydrocarbon thickness is reduced by δ = 15 Å. 
The fi  tted values of A0 are shown in the fi  gure legend. The lipids 
all have phosphatidylcholine (PC) headgroups with two acylated 
hydrocarbon chains. DMPC and DLPC have saturated chains with 
14 and 12 carbons, respectively. DOPC and diC22:1PC have mo-
nounsaturated chains with 18 and 22 carbons, respectively. POPC 
has a palmitic acid chain with 16 carbons in the sn-1 position and 
a monounsaturated oleoyl chain in the sn-2 position. The experi-
mental permeabilities at 30°C are from Mathai et al. (2007).80 Theory of Passive Permeability through Lipid Bilayers
DLPC bilayer and is less than 3 for the thickest diC22:1 
bilayer, so the hy  drocarbon core permeability plays a role, 
even though it is secondary to the role played by the 
headgroup regions.
II. Two Detailed Models
The preceding section did not address the very impor-
tant question regarding the role played by the partition 
coeffi  cient K that is crucial in order for a theory to obey 
Overton’s rule. This section analyzes two mathematical 
models that answer this question. The two models also 
predict values for the two linear parameters α and γ 
in Eq. 3 and this could, in principle, reduce the number 
of free parameters for fi  tting data. However, it is impor-
tant to consider both models because the predicted for-
mula for γ is different. The difference shows that this 
result of mathematical modeling is not robust, so this 
comparison prevents the drawing of unwarranted nu-
merical conclusions.
For both mathematical models we will refer to Fig. 4 
for the free energy landscape which is the local (non-
cratic) part of the chemical potential. The free energy of 
water is assumed to be high and constant in the hydro-
carbon core and low in the water. These two regions are 
separated by the interfacial headgroup regions, which 
are generally quite complicated. For simplicity, linear 
forms for the free energy will be assumed. It may be 
noted that this free energy landscape is qualitatively sim-
ilar to the hydrophobicity landscapes obtained from spin 
labeling experiments (Subczynski et al., 1994) and from 
simulations (Fig.6 of Marrink and Berendsen,1994).
A: Chemical Kinetics Model. As advocated long ago by 
Zwolinski et al. (1949), one may consider a chemical ki-
netics description of transport and permeability. The sim-
plest mathematical way to describe the physical model 
shown in Fig. 1 employs four states as shown in Fig. 4. 
The bulk water phases are represented by states 1 and 4 
with concentrations c1 and c4, respectively. The hydro-
carbon core is represented by states 2 and 3 with con-
centrations c2 and c3, respectively. The physical locations 
of states 2 and 3 are just within the ends of the hydrocar-
bon core closest to the bulk water states 1 and 4, respec-
tively. The distance between states 2 and 3 is the thickness 
dC of the hydrocarbon region. The distance between 
states 1 and 2 (and between states 3 and 4) is the thickness 
dH of the interfacial headgroup region. The kinetics of 
water or other solute fl  ow through the membrane are 
given by the fi  rst order kinetics scheme
  ↔↔↔ 1234 ,   (4)
where the forward rate constants between the states 
can be written k12, k23, and k34, and the backward rate 
constants are k21, k32, and k43 as shown in Fig. 4. The ra-
tios of backward and forward rate constants are given 
by equilibrium free energy considerations. For sym-
metric lipid bilayers
  == = 23 32 12 21 43 34 /1  a n d   / / , kk kk K kk   (5)
where K = exp(−β∆F) is the partition coeffi  cient for 
water in the hydrocarbon core. It will be convenient to 
use the simplifi  ed notation,
  == == == 23 32 21 34 12 43 , a n d   . CH H kk k kkk K kk k  (6)
Figure 3. The  fi  lled symbols show the model values of PH/2 for 
the permeability of both headgroups and the open symbols show 
the theoretical values of the hydrocarbon core permeability PC 
versus the measured P for two parameter choices from Fig. 2. The 
parameter δ in the legend gives an effective thickness of the core 
region for different bilayers as dC − δ where dC is the structurally 
determined thickness that includes the aliphatic chains but not 
the carbonyls.
Figure 4.  The free energy landscape for the two models of water 
permeability considered in this paper is shown in black. For the 
chemical kinetics model there are four states. States 1 and 4 are at 
the bulk water boundaries and states 2 and 3 are at the hydrocar-
bon core boundaries. For the Nernst-Planck model the position x 
along the perpendicular to the bilayer is a continuous variable.  Nagle et al. 81
In steady state, all concentrations ci are constant in 
time. The net forward currents between pairs of contig-
uous states are given by
  =− = − 12 12 1 21 2 1 2 () ( ) , HH H Jd k c k cd k K c c  
(7a)
  =− = − 23 23 2 32 3 2 3 () ( ) , CC C J dkc kc dkc c  (7b)
  =− =− 34 34 3 43 4 3 4 () ( ) . HH H Jd k c k cd k c K c  (7c)
In steady state, J12 = J23 = J34 = J. Addition of J12 and J34 
followed by elimination of c2 − c3 using Eq. 7b then gives
  =− 14 () , JP cc 
(8)
with  =+ 1/ (1/ ) (2/ ). CC HH Pd k K d k K   (9)
Correspondence with Eq. 2 in the text follows by identi-
fying the hydrocarbon core permeability PC = dCkCK and 
the headgroup permeability PH = dHkHK. Of course, PC 
is usually written as KDC/dC and this identifi  es the co-
effi  cient of diffusion in the hydrocarbon regions as DC = 
dC
2kC, which is the usual formula from random walk 
theory that gives the coeffi  cient of diffusion as the hop-
ping distance squared divided by hopping time. We next 
recognize that kH should contain the obstruction fac-
tor (A − A0)/A, which we wish to display explicitly. The 
local coeffi  cient of diffusion DH within the unobstructed 
part of the headgroup region, that should be compa-
rable numerically to DC, should not contain an area-
dependent factor. It is then given as DH = dH
2kHA/
(A − A0) because kH contains the factor (A − A0)/A. We 
therefore have
  == − 0 / and ( / )(( )/ ). CC C H H H PK D d P K Dd A AA  (10)
There are two differences between the preceding 
kinetic modeling and that of Zwolinski et al. (1949). 
The fi  rst is unimportant. They included m − 1 inter-
mediate states in the hydrocarbon region between our 
states 2 and 3, but as they showed in their Eq. 33, if the 
additional rate constants are all equal, corresponding 
to a homogeneous region, and each is scaled by the 
appropriate multiple of our kC, there is no difference 
in the fi  nal equation for the permeability. The second 
difference is quite important. Zwolinski et al. (1949) 
supposed a large free energy barrier to entry of water 
into the hydrocarbon region in addition to the increase 
in free energy |∆F| shown in Fig. 4. In their presentation 
they did not display the factor of K that must be pre-
sent even when there is the extra barrier they assumed. 
In our presentation we have not included any extra 
free energy barrier. This means that our kH = k21 = k34 
models transition over negligible barriers into states 
with considerably lower free energies, so kH should not 
  depend upon K. In the Eyring absolute rate theory 
(Glasstone et al., 1941) when there is no barrier, kH = kT/h, 
where h is Planck’s constant, kT is thermal energy, and 
the entire K dependence resides in the rate constants 
k12 = k43 = KkH. Up to this point, our free energy profi  le 
across the bilayer has the shape of a mesa with a high 
fl  at plateau in the hydrocarbon region with steeply 
sloping sides into the low plains for the bulk water 
(Fig. 4). Our innovation in Section I is that, rather 
than imposing an extra free energy barrier, we impose 
a geometric obstruction factor on PH, given in Eqs. 3 
and 10, that impedes diffusion through a fraction of 
the bilayer area. This factor may be thought of as a high 
picket fence on the mesa slope where the pickets rep-
resent the headgroup obstructions schematically shown 
in Fig. 1.
The most serious objection to the model as developed 
by Zwolinski et al. (1949) comes from reconciling it to 
Overton’s rule. To effect such a reconciliation following 
their discussion of their Eq. 34, one would have to con-
clude that PC had to be the rate-limiting step for permea-
bility, as they did on their page 1444. In contrast, our 
presentation has a factor of K in both PH and PC, and 
therefore in P, so it satisfi  es Overton’s rule without forc-
ing PC to be rate limiting. Furthermore, it allows a strong 
area dependence by making solute entry into the hy-
drocarbon core (up a mesa slope) slower than diffusion 
through the hydrocarbon core (across a fl  at mesa).
It may also be noted that Dix et al. (1978) discussed 
a three layer model in the mathematical framework of 
Zwolinski et al. (1949). However, they ended their pa-
per with the opposite conclusion, namely, that the rate 
limiting step was the interfacial resistance and that 
2/PH was higher by several orders of magnitude than 
diffusional resistance 1/PC within the hydrocarbon core. 
While closer to our conclusion, our Fig. 3 has the ratio 
within a factor of 10 for fl  uid phase lipid bilayers. The 
conclusion of Dix et al. (1978) was based on residency 
times of water of 100 ns in the membrane. However, 
it is well known that PC lipid headgroups bind at least 
one or two water molecules so tightly that they are dif-
fi  cult to remove even by extensive drying (Jendrasiak 
and Hasty, 1974). We suggest that these strongly bound 
waters may account for the long residency. To include 
this in a kinetic model, a state 2b would be added to 
the left headgroup region that would have a maximum 
capacity of a few water molecules per lipid and would 
have very low free energies. State 2b would not be 
on the linear pathway shown in Fig. 4. Rather, it could 
be on an alternative branched pathway between states 
1 and 2 or it could just be a dead end side path con-
nected only to state 1 or to state 2. As such, it, and its 
symmetrically equivalent 5b state, would hardly perturb 
the previous analysis while providing an explanation for 
long residency times for water molecules in a nonbulk 
water environment.
This chemical kinetics model makes specifi  c predictions 
about the two linear parameters in the general theory in 82 Theory of Passive Permeability through Lipid Bilayers
Section II. Comparing Eq. 10 with Eq. 3 and the two 
components PH and PC defi  ned in Eq. 2 gives
  α=2/ HH dK D   (11a)
  γ=1/ . C KD  
(11b)
Assuming that DC = 2 × 10−5 cm2/s, Eq. 11b gives K = 
5.4 × 10−4 from the value of γ for the δ = 0 case in 
Fig. 2 and K = 4.3 × 10−4 for the δ = 15 Å case. For 
comparison, the partition coeffi  cient for water in hexa-
decane is 4.2 × 10−5 (Walter and Gutknecht, 1986). 
Then, if we also assume that DH = 2 × 10−5 cm2/s, Eq. 11a 
gives the thickness of the headgroup region to be dH = 
6.1 Å for either δ = 0 or δ = 15 Å. These are quite rea-
sonable values of K and dH that could be further tuned 
by modest changes in DH and DC. For example, if we 
arbitrarily set DC = 10−5 cm2/s and DH = 1.5 × 10−5 
cm2/s, then K   0.001 and dH = 9.3 Å, which is close 
to the thickness of the interfacial headgroup region 
(Nagle and Tristram-Nagle, 2000).
B: Continuum Model. As a mathematical model, the 
chemical kinetics model in the previous subsection is 
rather primitive because the interfacial headgroup re-
gion is represented only by one reaction pathway involv-
ing only two states, one at each edge of the region. One 
can ask what the effect would be to have additional states 
on a linear kinetics pathway within the headgroup re-
gion, and the answer is that the fi  nal equations change. 
Rather than adding a few more states, it is more effi  cient 
to proceed to the opposite extreme that consists of an 
infi  nite number of states; this is the continuum model.
The continuum model is treated by the Nernst-Planck 
extension of Fick’s law for diffusion. Let x be the position 
perpendicular to the bilayer and let xi be the particular 
values for the positions labeled i = 1,2,3,4 in Fig. 4, so 
the headgroup thickness dH = x2 − x1 = x4 − x3 and the 
hydrocarbon core thickness dC = x3 − x2. Let the free en-
ergy difference F(x2) − F(x1) be ∆F and the magnitude 
of the corresponding force be f = ∆F/dH, noting that f is 
negative when x1 < x < x2. Let c(x) be the concentration 
of solute and β be the inverse thermal energy 1/kT. 
Then, for steady state the solute current J is constant as a 
function of x and is given by the Nernst-Planck equation
  =− + β (( ) / ) ( ) , JD d c x d x D f c x  (12)
where D is the coeffi  cient of diffusion. It has been em-
phasized that D should be a nonconstant function of x 
(Diamond and Katz, 1974; Marrink and Berendsen, 
1994), but to keep the model reasonably simple and cal-
culable, we will assume a constant DC in the hydrocarbon 
chain region x2 < x < x3 where f = 0. In the headgroup 
regions, x1 < x < x2 and x3 < x < x4, it is convenient to 
factor D into the headgroup obstruction factor (A − A0)/A 
and a coeffi  cient of diffusion DH in the unobstructed 
part of the region, with a value of DH that is compara-
ble to DC.
To obtain the permeability, c(x) is fi  rst noted to have 
the following forms in the three separate regions
  =− + − β Δ − < < 11 1 2 () e x p ( ( ) / ) ,   H cx b a Fx x d x x x  (13a)
  =− − < < 22 2 3 () ( ) ( ) / ,   C cx cx Jx x D x x x  (13b)
  =+ − β Δ − − << 43 3 4 () e x p ( ( 1 ( ) / ) ) ,  , H cx b a F x x d x x x  
(13c)
where b = (JdH/β∆FDH)(A/(A − A0)). The parameters 
a1 and a4 are related to the known concentration differ-
ences in the bulk phase by
  −= − − 14 1 4 () ()( )2 , cx cx a a b (14a)
and also to
  −= = − − β Δ − 23 1 4 () () ( / )( ) e x p ( )2 , CC cx cx Jd D a a F b
 (14b)
Elimination of (a1 − a4) then gives
 
−=
+− − β Δ
14
0
() ()
[( / ) 2( /( ))( / )((1 )/ )], CC HH
cx cx
J d KD A A A d KD K F
 (15)
where K = exp(−β∆F) is the partition coeffi  cient. The 
factor in square brackets is just 1/P by the defi  nition of 
permeability and the inverses of the two individual terms 
therein can be identifi  ed as
  = / CC PC KD d  
and
  =− − − 0 ( / )(( )/ )( ln( )/(1 )). HH H PK D dA A A K K  (16)
The result in Eq. 16 is identical to Eq. 10 for the chemi-
cal kinetics model except for the fi  nal factor (−ln(K)/
(1 − K)) in PH. This factor depends only weakly on K, vary-
ing by only about one order of magnitude as K varies 
by fi  ve orders of magnitude for hydrophilic solutes with 
K < 0.1, so the basic Overton rule dependence of P on 
K continues to hold.
We next follow the discussion in the last paragraph 
of the previous subsection. Again, assuming that DC = 2 × 
10−5 cm2/s, PC in Eq. 16 gives K = 5.4 × 10−4 from the 
value of γ for the δ = 0 case in Fig. 2. But if we also 
assume that DH = 2 × 10−5 cm2/s, then Eq. 16 gives the 
thickness of the headgroup region to be dH = 46 Å, 
which is clearly an unphysically large value. However, 
setting DH = 0.4 × 10−5 cm2/s obtains a structurally ac-
ceptable value of dH = 9 Å. It may be noted that the sim-
ulation of Marrink and Berendsen (1994) gives a smaller 
coeffi  cient of diffusion in the headgroup region than in 
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DISCUSSION
The general phenomenological theory presented in Sec-
tion I was motivated by the correlation of recently mea-
sured water permeability (Mathai et al., 2007) with the 
structure of lipid bilayers. At the core of this theory is a 
free area factor (A − A0)/A, introduced in Eqs. 3, 10, and 
16, that is open for permeation. Free area and free vol-
ume concepts have been criticized when the free quanti-
ties are much smaller than molecular sizes (Edholm and 
Nagle, 2005). However, the free area concept gains trac-
tion when the quantized open area is larger than the area 
of a water molecule, as it is for typical water pores. This is 
also the case for the quantity A − A0, which is the open 
space locally available in our theory and which is not 
much smaller than water molecules.
While quite general, it is important that this essentially 
postulated theory be consistent with more specifi  c, micro-
scopic models and calculations. Section II shows that 
there are at least two different microscopic models from 
which the phenomenological theory is derivable. The 
phenomenological theory in Eq. 3 also did not explicitly 
include any role for the partition coeffi  cient K or coeffi  -
cients of diffusion, but this is provided by the detailed 
models. Both the chemical kinetics model (Eq. 10) and 
the continuum Nernst-Planck model (Eq. 16) have a lin-
ear K factor in both the headgroup permeability PH and 
in the chain permeability PC. In contrast to the coeffi  -
cients of diffusion, which can be different in the core and 
headgroup regions, there is only one partition coeffi  cient 
given in Eq. 5 by the Boltzmann factor K = exp(−β∆F) 
for the free energy difference ∆F of the solute in the 
hydrocarbon core versus water. This is an important result 
because it shows that a three layer theory is consistent 
with Overton’s rule. The three layer theory also removes 
the discrepancy that the hydrocarbon core thickness is 
too large in the single layer solubility-diffusion theory. 
Fig. 3 shows that PC can be quite large as is required in 
order to have realistic values of dC because the experi-
mental permeability is primarily determined in Eq. 2 by 
the smaller PH, which provides the greater resistance.
The theoretical result for the continuum model (Eq. 16) 
is different from the chemical kinetics model (Eq. 10) 
by having a weakly varying logarithmic K factor in the 
headgroup permeability PH. The last paragraphs of the 
two subsections in Section II show that either model leads 
to reasonable results for the thickness of the headgroup 
region dH provided that the unknown coeffi  cients of dif-
fusion DH and DC are chosen appropriately. However, be-
cause of the lnK factor in the continuum model, the ratio 
DH/DC is different for the two models. The smaller value 
of DH/DC required for the continuum model is consistent 
with the presence of local free energy minima within the 
heterogeneous headgroup region that could trap the solute 
for periods of time long compared with free diffusion in 
the more homogeneous hydrocarbon chain   environment 
as suggested by Marrink and Berendsen (1994). While 
quite plausible, our results may not warrant such a fi  rm 
conclusion. We assumed in the continuum model that 
the free energy profi  le is linear in the headgroup region 
(Eq. 13), but this leads to an exponential water concen-
tration profi  le, whereas computer simulations suggest a 
more nearly linear water profi  le, as indicated in Fig. 1. 
Any continuum model requires detailed assumptions 
about the free energy profi  le that can be quite compli-
cated and uncertain and obscure the main ideas, so we 
have chosen not to pursue variations of the continuum 
model. The chemical kinetics model avoids such compli-
cations by incorporating all the details of the headgroup 
region into a single rate constant, which has the merit 
of simplicity. Chemical kinetics models also allow for 
easy variations in the free energy landscape to treat de-
tailed aspects of other solutes, as shown in the online 
supplemental materials (available at http://www.jgp
.org/cgi/content/full/jgp.200709849/DC1).
All the fi  tting to water permeability data in this paper 
assumed that the partition coeffi  cient K is the same in 
the fi  ve lipid bilayers. One might suppose that K for 
water would be larger for lipids with more polarizable 
unsaturated double bonds, as appears to be the case for 
polyunsaturated lipids (Huster et al., 1997; Olbrich et al., 
2000). This would account for the theoretical permeabil-
ity being too low for DOPC in Fig. 2 but it would make 
the fi  t worse for diC22:1PC. Also, electron spin resonance 
(ESR) measurements suggest that DOPC is more, rather 
than less, hydrophobic than lipids with saturated chains 
(Subczynski et al., 1994), so we have chosen not to allow 
variations in K, which is consistent with all the lipids hav-
ing the same density of packing, i.e., the same VCH2.
The theory as presented uses average structural quan-
tities, such as the average area A of the headgroups. Of 
course, there are fl  uctuations in the local A in the fl  uid 
phase of bilayers, and the permeability will be transiently 
enhanced locally when A fl  uctuates to a larger value. In-
deed, it has been suggested that the anomalously large 
permeability of bilayers to Na+ ions near the main chain 
melting phase transition is due to the nonlinear effect 
of greater fl  uctuations in the local area that must occur 
when the lateral area modulus KA becomes small near a 
higher order phase transition (Nagle and Scott, 1978). 
However, none of the bilayers discussed here were in 
critical regions near the chain-melting transition tem-
perature and all had values of KA that were substantially 
the same (Rawicz et al., 2000). The lack of empirical cor-
relation of P with KA (Mathai et al., 2007) suggests that 
average structural quantities suffi  ce.
The bilayers used in Figs. 2 and 3 all had the same 
headgroup. Water permeability data for DLPE and DOPS 
are also presented by Mathai et al. (2007) and compared 
with structural data. Of course, different head groups 
should require different values of A0 and possibly different 
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region, so data from at least two different lipids with the 
same headgroup are required to obtain both parameters 
to enable a comparison to the PC lipids. Since we do not 
have those data, let us assume that DH is the same as for 
PC lipids. Then, the values of A0 required to match the-
ory, using Eq. 3, to experiment are A0 = 51.2 Å2 for DOPS 
and A0 = 50.1 Å2 for DLPE. As would be expected, these 
values are smaller than the A0 = 53.6 Å2 given in Fig. 2 
for the PC headgroups, but they are not as much smaller 
as would be expected by the gel phase areas that are 41.0 
Å2 for DLPE (McIntosh and Simon, 1986) and 40.8 Å2 
for DMPS (Petrache et al., 2004),  7 Å2 less than the 
47–48 Å2 for PC headgroups. However, compared with 
PC headgroups, PE and PS headgroups have additional 
hydrogen bonding opportunities that could be modeled 
either as blocking some of the area available for water 
permeation (i.e., increasing A0) or as providing local traps 
that would reduce DH (Marrink and Berendsen, 1994). 
Water permeability and structural data for DOPC with 
10, 20, and 40% cholesterol were also presented by 
Mathai et al. (2007). Incorporation of cholesterol into 
our theory requires additional choices. Cholesterol 
might additionally obstruct entry of the water into the 
hydrocarbon region, or it might not, according to the 
theory of Huang and Feigenson (1999) that the head-
groups shield the cholesterol from water. Also, the rigid 
ring structure of cholesterol might obstruct the diffusion 
within the hydrocarbon region. With enough choles-
terol, the hydrocarbon chains become more ordered, 
like a gel phase, and less mobile, so DC might become 
smaller. Furthermore, it has been suggested that K should 
be reduced by cholesterol (DeYoung and Dill, 1990; 
Xiang and Anderson, 1997), as seems plausible as the 
phase becomes liquid ordered instead of fully fl  uid. 
These are issues that are diffi  cult to model, and we have 
chosen not to include cholesterol data in the fi  ts in this 
paper. However, if we assume that α and γ in Eq. 3 are 
the same as for fully fl  uid phase lipids, then the values of 
A0 required to match theory and experiment in Fig. 2 are 
A0 = 53.1 Å2 for DOPC with 10% cholesterol, A0 = 55.2 
Å2 for DOPC with 20% cholesterol, and A0 = 58.0 Å2 for 
DOPC with 40% cholesterol.
While this theory has been motivated by water per-
meability measurements and while the tests presented 
use only these data, we suggest that the general theory 
may apply more generally to other solutes. Two classes 
of solute are considered in detail in the online supple-
mental material (http://www.jgp.org/cgi/content/full/
jgp.200709849/DC1). The fi  rst is solutes, like acetic acid, 
that have been suggested to have strong binding to the 
interfacial region of bilayers (Xiang and Anderson, 
1995). The second class is hydrophobic solutes whose 
partition coeffi  cients into oil are greater than unity. We 
suggest that studies with different solutes concentrate 
primarily on bilayers with lipids that share the same 
headgroup and whose structures have been determined. 
Even with this constraint, one should expect some of the 
parameters and even the underlying free energy land-
scapes to be different from Fig. 4, as discussed in the 
online supplemental material.
Even homogeneous lipid bilayers have more com-
plexity than can readily be included in a simple theory 
for passive permeability, so perfect agreement with 
experiment is not a realistic goal. As was emphasized by 
Diamond and Katz (1974) and mentioned many times 
since, the most realistic models would include partition 
coeffi  cients and coeffi  cients of diffusion that would vary 
continuously through the bilayer. However, an appro-
priate goal should still be a simple theory that can pro-
vide insight while accommodating the most signifi  cant 
permeability data with a reasonably small number of 
measurable parameters. With more precise structural 
data on lipid bilayers now available (Mathai et al., 2007), 
we believe that it is warranted to return to the approach 
of Zwolinski et al. (1949) and Diamond and Katz (1974) 
and try to improve the theory beyond the single layer 
solubility-diffusion model while stopping short of the 
continuous description with infi  nitely many parame-
ters. We offer the present three layer theory, which 
should be tested further experimentally with other 
solutes and with other lipid bilayers when their struc-
tures are determined.
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